Cohomological dimension of locally connected compacta  by Dydak, Jerzy & Koyama, Akira
Topology and its Applications 113 (2001) 39–50
Cohomological dimension of locally connected compacta
Jerzy Dydak a,∗, Akira Koyama b
a Department of Mathematics, University of Tennessee, Knoxville, TN 37996, USA
b Division of Mathematical Sciences, Osaka Kyoiku University, Kashiwara, Osaka 582-8582, Japan
Received 17 December 1998; received in revised form 11 May 1999
Abstract
In this paper we investigate the cohomological dimension of cohomologically locally connected
compacta with respect to principal ideal domains. We show the cohomological dimension version
of the Borsuk–Siecklucki theorem: for every uncountable family {Kα}α∈A of n-dimensional closed
subsets of an n-dimensional ANR-compactum, there exist α = β such that dim(Kα ∩ Kβ) = n.
As its consequences we shall investigate the equality of cohomological dimension and strong
cohomological dimension and give a characterization of cohomological dimension by using a special
base. Furthermore, we shall discuss the relation between cohomological dimension and dimension
of cohomologically locally connected spaces.  2001 Elsevier Science B.V. All rights reserved.
AMS classification: 55M10; 54F45
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1. Introduction
It is well known that for an uncountable family {Kα}α∈A of n-dimensional subsets of the
n-dimensional Euclidean space Rn there exist α = β in A such that dim(Kα ∩Kβ) = n.
Indeed, the interiors int(Kα) must be non-empty, so there is a pair of indices α = β so
that int(Kα ∩Kβ) = ∅. Hence all n-dimensional manifolds and n-dimensional polyhedra
have the same property. On the other hand, an n-dimensional compactum may admit an
uncountable family {Kα}α∈A of n-dimensional (closed) subsets such that dim(Kα ∩Kβ)
n− 1 for all α = β in A. For example, the n-dimensional Menger compactum µn, n 1,
contains a copy of the product of the n-disk Dn and the Cantor set C. Thus, µn contains
an uncountable family of pairwise disjoint n-dimensional closed subsets.
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Related to those facts Borsuk [1] and Sieklucki [13] investigated the dimension of ANR-
compacta and proved the following:
Theorem. Let {Kα}α∈A be an uncountable family of n-dimensional closed subsets of an
n-dimensional ANR-compactum. Then there exist α = β in A such that dim(Kα ∩Kβ)= n.
As its application we can see that every cell-like map on a 2-dimensional ANR-
compactum preserves dimension (see Corollary 4.12 for a more general result). We note
that, since in the above example µn is LCn−1, the Borsuk–Sieklucki theorem is not valid
for LCn−1-compacta.
In this paper we shall investigate the cohomological dimension of cohomologically
locally connected compacta. Sieklucki [13] employed the homological characterization
of dimension and used the complicated Vietoris homology theory. Then countability of the
coefficient group was essential. Here we consider a finitely generated property of ˇCech
cohomology groups over a principal ideal domain of cohomologically locally connected
compacta and give a cohomological dimension version of Borsuk–Sieklucki theorem.
As its application, we shall investigate the equality of cohomological dimension and
strong cohomological dimension introduced by Kodama [11]. We shall give an affirmative
answer to his problem [11, Problem 38-10]. Then we can give a characterization of
cohomological dimension by the existence of a special base. Furthermore we shall discuss
the relation between cohomological dimension and dimension of cohomologically locally
connected spaces.
2. Preliminaries
In this paper all spaces are metrizable and maps are continuous. dimX denotes the
covering dimension of X, and dimGX denotes cohomological dimension of X with respect
to an Abelian groupG. Thus, dimGX  n provided that Hˇ k(X,A;G)= 0 for all k  n+1
and all closed subsets A⊂X, where Hˇ ∗ is the ˇCech cohomology theory.
By the symbol R we specify a principal ideal domain (PID) with unity 1.
A compactumX is said to be cohomology locally n-connected with respect toR, denoted
by n-clcR , if for each point x ∈ X and neighborhood N of x , there is a neighborhood
M ⊂N of x such that the inclusion-induced homomorphism
inM,N :
˜ˇ
Hn(N;R)→ ˜ˇHn(M;R)
is trivial, where ˜ˇH ∗ is the reduced ˇCech cohomology theory. X is said to be clcnR if it is
k-clcR for all k  n, and X is clc∞R if it is k-clcR for all k.
We note that a compactum X is 0-clcR if and only if X is locally connected. The
following is known as Wilder’s Theorem (see [2, Theorem 17.4 and Corollary 17.5]).
Theorem 2.1. If a compactumX is clcnR , then for closed subsets K,L ofX with K ⊂ intL,
the images of the inclusion-induced homomorphisms ikK,L : ˜ˇHk(L;R)→ ˜ˇHk(K;R), k =
0,1, . . . , n, are finitely generated.
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We need the relative version of Theorem 2.1:
Theorem 2.2. Suppose that a compactum X is clcnR . If A1,A2,B1 and B2 are closed
subsets of X with A1 ⊂ B1, A2 ⊂ B2, A1 ⊂ intA2 and B1 ⊂ intB2, then the image of˜ˇ
Hn(B2,A2;R)→ ˜ˇHn(B1,A1;R) is finitely generated.
For its proof we quote the following simple lemma (see [2, Lemma 17.3]).
Lemma 2.3. Consider a commutative diagram of R-modules
A2
s
f
A3
k
B1
i
h
B2
j
g
B3
C1
t
C2
in which the middle row is exact. If both Im(t ◦ h) and Im(k ◦ s) are finitely generated,
then Im(g ◦ f ) is also finitely generated.
Proof of Theorem 2.2. Let us choose closed subsets A and B such that A1 ⊂ intA⊂A⊂
intA2 and B1 ⊂ intB ⊂ B ⊂ intB2. Consider the commutative diagram:˜ˇ
Hn(B2,A2;R)
j∗2
˜ˇ
Hn(B2;R)
k∗2˜ˇ
Hn−1(A;R)
i∗1
˜ˇ
Hn(B,A;R)
j∗1
˜ˇ
Hn(B;R)
˜ˇ
Hn−1(A1;R) ˜ˇHn(B1,A1;R)
By Theorem 2.1, both Im i∗1 and Imk∗2 are finitely generated, where i1, j1, j2 and k2 are
suitable inclusions. Therefore, by Lemma 2.3, Im(j∗2 ◦ j∗1 ) is also finitely generated. ✷
The following result is well known for compact ANRs (see [10,12]) and has been
generalized to metrizable ANRs in [7]. We will need it for cohomologically connected
compacta.
Corollary 2.4. Suppose a compactum X is clcnZ and dimQX  n. Then, dimGX  n for
all Abelian groups G.
Proof. Choose a compact subset A of X so that Hn(X,A;Q) = 0. By continuity of
ˇCech cohomology there exists a compact neighborhood B of A so that the image
of Hˇ n(X,B;Q) → Hˇ n(X,A;Q) is not trivial. By Theorem 2.2 the image F of
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Hˇ n(X,B;Z)→ Hn(X,A;Z) is finitely generated. Its tensor product with Q is not zero
which means that F has Z as a direct summand. Thus, the tensor product of F with any
non-trivial group is not zero which proves that Hˇ n(X,A;G) is not trivial. ✷
The following concept is crucial for our paper:
Definition. Suppose R is a PID and {Mα}α∈A a family R-modules. A homomorphism
f :M →∏α∈AMα from an R-module M is called a pro-epimorphism if, for any finite
subset F of A, the composition
M
f→
∏
α∈A
Mα
pF−→
∏
α∈F
Mα
is an epimorphism.
Remark. The reason for calling f in the above definition a pro-epimorphism is that∏
α∈AMα is the inverse limit of the pro-group {
∏
α∈F Mα,F is a finite subset of A} and
f is a pro-epimorphism iff the composition
M
f→
∏
α∈A
Mα
π→
{∏
α∈F
Mα,F is a finite subset of A
}
is an epimorphism in the category of pro-groups.
The following algebraic property of countable PIDs is essential for our purposes:
Basic Lemma. Let R be a countable PID. Let M be a finitely generated R-module and
{Mα}α∈A a family of finitely generated R-modules with card(A) > ℵ0. If a homomorphism
f :M→∏α∈AMα is a pro-epimorphism, then there is α ∈A such that Mα is trivial.
Proof. Suppose that M is generated by n elements and all Mα are not trivial. Let
Af =
{
α ∈A: rank(Mα) 1
}
.
Then for each α ∈Af , there exists an epimorphism qα :Mα → R. If |Af | n+1, then for
n+ 1 distinct elements α1, . . . , αn+1 ∈ Af , there exists an epimorphism from M to Rn+1
which is the composition of
M
f→
∏
α∈A
Mα
pα1,...,αn+1−−−−−−→
n+1∏
i=1
Mαi
∏n+1
i=1 qαi−−−−−→
n+1∏
i=1
R.
It contradicts the assumption that M is generated by n elements.
Now we may assume that rank(Mα) = 0 for each α ∈ A, which means that Mα is
a finitely generated torsion R-module. Since R is countable and A is uncountable, we
can find an uncountable subset A0 of A such that Mα ∼=Mβ for each α,β ∈ A0. Hence
there exists a prime element p ∈ R and an integer n  1 such that R/pnR is a nontrivial
direct summand of each Mα , α ∈ A0. Then for each α ∈ A0, there is an epimorphism
rα :Mα →R/pR obtained by first projecting M onto its direct summand R/pnR and then
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composing it with the canonical epimorphism R/pnR→ R/pR. Therefore, as f is a pro-
epimorphism, we have an epimorphism
M
f→
∏
α∈A
Mα
pα1,...,αn+1−−−−−−→
n+1∏
i=1
Mαi
∏n+1
i=1 rαi−−−−−→
n+1∏
i=1
R/pR.
Again, it contradicts the assumption that M is generated by n elements. Thus, Mα is trivial
for some α ∈A. ✷
Pro-Lemma. Consider a commutative diagram of R-modules
M
f
h
∏
α∈AMα∏
kα
N g
∏
α∈ANα
in which f is a pro-epimorphism. If Im(h) is a finitely generated R-module, then there is
α ∈A such that kα :Mα →Nα is trivial.
Proof. For each α ∈A, Im(kα)= Im(pα ◦ g ◦h) is finitely generated. Hence we can apply
Basic Lemma to the homomorphism f |Im(h) : Im(h)→∏α∈A Im(kα). ✷
Remark. The uncountability of A in the Basic Lemma is essential. Let us consider the
homomorphism induced by the natural projections fp :Z→ Zp ,
f = %
p: primes
fp :Z→ Z2 ×Z3 × Z5 × · · · × Zp × · · · .
Then, by Chinese Remainder Theorem, for every finite set F of prime numbers, pF ◦ f =
%p∈F fp :Z→∏p∈F Zp is an epimorphism. Thus, f is a pro-epimorphism but none of
Zp is trivial.
3. Cohomological dimension of locally connected compacta
Theorem 3.1. Suppose that a compactum X is clcnR , where n  1. Let {Xα}α∈A be an
uncountable family of closed subsets ofX. If dimR X = n and dimR Xα = n for each α ∈A,
then there is α = β in A such that dimR(Xα ∩Xβ)= n.
Proof. First we consider the case where R is countable. Suppose that dimR(Xα ∩Xβ)
n− 1 for each pair α = β in A. For each α ∈A, there is a closed subset Cα ⊂Xα such that
Hˇ n(Xα,Cα;R) = 0, because dimR Xα = n. Let {Ni}∞i=1 be a countable family of closed
subsets of X such that for each closed subset K of X the family {Ni : K ⊂ intNi} is a basis
of neighborhoods of K in X. By the continuity of ˇCech cohomology, for each α ∈A, there
is Nk(α) ⊂ intNh(α) such that the inclusion-induced homomorphism
Hˇ n(Xα,Xα ∩Nh(α);R)→ Hˇ n(Xα,Xα ∩Nk(α);R)
is not trivial.
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SinceA is uncountable, we may assume thatNk(α) =N for every α ∈A, and Nh(α) =M
for every α ∈ A. Namely, we have closed subsets M,N of X such that N ⊂ intM and for
every α ∈A,
Hˇ n(Xα,Xα ∩M;R)→ Hˇ n(Xα,Xα ∩N;R) is not trivial. (1)
On the other hand, since dimR(Xα ∩Xβ) n− 1 for all pairs α = β in A,
Hˇ n
( ⋃
α∈F
Xα,
( ⋃
α∈F
Xα
)
∩M;R
)
→
⊕
α∈F
Hˇ n(Xα,Xα ∩M;R)
is an epimorphism for all finite subsets F ⊂A.
We note that the inclusion-induced homomorphism
Hˇ n
(( ⋃
α∈F
Xα
)
∪M,M;R
)
→ Hˇ n
( ⋃
α∈F
Xα,
( ⋃
α∈F
Xα
)
∩M;R
)
is an isomorphism by the excision axiom and the inclusion-induced homomorphism
Hˇ n(X,M;R)→ Hˇ n((⋃α∈F Xα) ∪M,M;R) is an epimorphism because dimR X = n.
Hence, for all finite subsets F ⊂A,
Hˇ n(X,M;R)→
⊕
α∈F
Hˇ n(Xα,Xα ∩M;R) is an epimorphism. (2)
Now we consider the following commutative diagram:
Hˇ n(X,M;R) ∏α∈A Hˇ n(Xα,Xα ∩M;R)
Hˇ n(X,N;R) ∏α∈A Hˇ n(Xα,Xα ∩N;R)
Property (2) says that the upper homomorphism is a pro-epimorphism. By Theorem 2.2,
the image of Hˇ n(X,M;R)→ Hˇ n(X,N;R) is finitely generated. Hence, by Pro-Lemma,
there exists α ∈A such that
Hˇ n(Xα,Xα ∩M;R)→ Hˇ n(Xα,Xα ∩N;R)
is trivial. It contradicts the fact (1). Therefore there is α = β in A such that dimR(Xα ∩
Xβ)= n.
Next, we consider the general case of R being uncountable. Bockstein’s First Theorem
(see [12]) says that there is a subset σ(R) (we call it the Bockstein basis of R) of the
family of groups consisting ofQ, Z/p (p prime), Z(p) (p prime), and Zp∞ (p prime) such
that dimR Y = max{dimH Y : H ∈ σ(R)} for all Y compact. By [4, Proposition 6.8], the
Bockstein basis σ(R) does not contain Zp∞ for any prime number p if R is a PID with
unity. Hence there is a countable PID R∗ ∈ σ(R) such that dimR∗ X = n and dimR∗ Xα = n
for uncountably many α ∈A. Then, by the first case of the proof, there is α = β in A such
that dimR∗(Xα ∩Xβ)= n. In particular, dimR(Xα ∩Xβ)= n. ✷
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The next corollary is an easy consequence of Theorem 3.1. It applies to every torsion
free Abelian group or every Abelian group of which torsion subgroup is finite.
Corollary 3.2. Let G be an Abelian group such that Zp∞ /∈ σ(G) for any p. Suppose
that a compactum X is clcn+1
Z
and dimGX = n. Let {Xα}α∈A be an uncountable family of
closed subsets of X. If dimGXα = n for each α ∈A, then there exist α = β in A such that
dimG(Xα ∩Xβ)= n.
Proof. Since the Bockstein base σ(G) consists of countably many PIDs, there is a PID
R ∈ σ(G) such that dimR X = n= dimR Xα for uncountably many α ∈A.
From X ∈ clcn+1
Z
the Universal Coefficient Theorem implies X ∈ clcnR . Therefore,
by Theorem 3.1, there is α = β in A such that dimR(Xα ∩ Xβ) = n. In particular,
dimG(Xα ∩Xβ)= n. ✷
Next we consider the case of G= Zp∞ and the general case.
Corollary 3.3. Suppose that a compactum X is clcn+2
Z
and dimZp∞ X = n. For an
uncountably family {Xα}α∈A of closed subsets of X, if dimZp∞ Xα = n for every α ∈ A,
then there exist α = β in A such that dimH(Xα ∩Xβ)= n, where H =Q⊕Zp∞ .
Proof. We shall consider two cases.
Case 1: dimQXα = n for uncountably many α ∈A. Since X is clcn+1Z and dimZp∞ X =
n, we get dimQX = n by applying Corollary 2.4. Therefore, by Theorem 3.1, there is
α = β in A such that dimQ(Xα ∩Xβ)= n. Thus we have the result.
Case 2: dimQXα = n for only countably many α ∈A. We may assume that dimQXα < n
for every α ∈A. We will use the following two Bockstein inequalities (see [12]) which hold
for any compactum Y :
dimZ(p) Y max
(
dimZp∞ Y + 1,dimQ Y
)
and
dimZp∞ Y max
(
dimZ(p) Y − 1,dimQ Y
)
.
Now, by the above Bockstein inequalities, dimZ(p) Xα = n+ 1 for every α ∈A. Then,
dimZ(p) X n+ 1> n= dimZp∞ X  dimQX.
Hence, by the Bockstein inequalities, dimZ(p) X= n+ 1. Therefore, by Theorem 3.1, there
is α = β in A such that dimZ(p) (Xα∩Xβ)= n+1. Then, the Bockstein inequalities implies
that dimZp∞ (Xα ∩Xβ)= n. ✷
By Corollaries 3.2 and 3.3 we have the following form of the general case:
Corollary 3.4. Let G be a non-trivial Abelian group. Suppose that a compactum X is
clcn+2
Z
and dimGX = n. For an uncountable family {Xα}α∈A such that dimGXα = n for
every α ∈A, there exist α = β in A such that dimG⊕Q(Xα ∩Xβ)= n.
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Since an ANR-compactum is clc∞R for any PID R, we can formulate above results for
ANR-compacta. For example,
Corollary 3.5. Let X be an ANR-compactum and G be an Abelian group such that
Zp∞ /∈ σ(G) for any prime number p. Then for an uncountable family {Xα}α∈A of closed
subsets of X, if dimGX = n = dimGXα for all α ∈ A, there exist α = β in A such that
dimG(Xα ∩Xβ)= n.
Remark. It is known that, for an ANR-compactumX, dimX = dimZX (see [14]). Hence,
Corollary 3.5 in the case of G= Z is equivalent to Borsuk–Sieklucki theorem.
4. Applications
First we shall give applications of cohomological dimension versions of Borsuk–
Sieklucki theorem to strong cohomological dimension introduced by Kodama [11] for
compacta but which can be generalized to metrizable spaces without any problem.
X has strong cohomological dimension at most n with respect to an Abelian group G,
written IndGX  n, provided that for any pair of closed subset A and an open subset U
containing A, there exists an open subset V ⊂X such that
A⊂ V ⊂U and dimG∂V  n− 1.
And we define
IndGX =min
{
n: IndGX  n
}
.
Kodama gave fundamental properties of strong cohomological dimension and showed
the following:
Theorem 4.1 [11, Lemma 38-9]. For every 2-dimensional compact ANR X and every
nontrivial Abelian group G, we have the equality dimGX = IndGX = dimX = 2.
Related to the above result he posed the problem [11, Problem 38-10]: If X is a compact
ANR, does the equality dimGX = IndGX hold for every Abelian group G?
In this section we shall give an affirmative answer to this problem. First, to show the
relation between dimG and IndG, we shall need a simple lemma (cf. [11, Theorem 38-6]).
Lemma 4.2. Let G be an Abelian group. If for every pair A,B of disjoint closed subsets of
a metrizable space X there exists a partitionL betweenA andB such that dimGL n−1,
then dimGX  n.
In particular, dimGX  IndGX.
Proof. Let f :A→K(G,n) be a map defined on a closed subset A of X. Since K(G,n)
is ANE, there exists an extension f˜ :U →K(G,n) of f over an open subset U ⊃ A. For
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A and B ≡X \A, by the assumption, there exists a partition L with dimGL n− 1. Thus
there exist open subsets M,N ⊂X such that
X \L=M ∪N, A⊂M, B ⊂N and M ∩N = ∅.
Since dimGL n− 1, f˜ |L  0. Hence there exists an extension g :N →K(G,n) of f˜ |L.
Then we can define an extension F :X→K(G,n) of f as follows:
F(x)=
{
f˜ (x) if x ∈M ∪L,
g(x) if x ∈N .
Thus, dimGX  n. ✷
Theorem 4.3. Let G be an Abelian group such that Zp∞ /∈ σ(G). Suppose that a
compactum X is clcn+1
Z
. If dimGX= n, then IndGX = n.
Proof. By Lemma 4.2, it suffices to show that IndGX  n. For a given closed subset A of
X, let
B(A,ε)= {x ∈X: d(a,A) ε} and Cε = ∂B(A, ε), ε > 0.
Since Cε ∩Cδ = ∅ for ε = δ, Corollary 3.2 says that dimGCε = n for only countably many
ε > 0. Hence A has a neighborhood basis {Ui}i1 such that dimG ∂Ui  n− 1 for every
i  1. It follows that IndGX  n. ✷
Similarly we can show the corresponding result for an arbitrary group by using
Corollary 3.5 instead of Corollary 3.2.
Theorem 4.4. Let G be an arbitrary Abelian group. Suppose that a compactum X is
clcn+2
Z
. Then if dimGX = n, IndGX = n.
Hence we have the affirmative answer to the Kodama’s problem:
Corollary 4.5. For a compact ANRX, dimGX = IndGX holds for every Abelian groupG.
Now we are ready to characterize dimG by using a basis that corresponds to the well-
known fact in usual dimension theory.
Theorem 4.6. Suppose that an Abelian group G and a compactum X satisfy the
assumption of Theorems 4.3 or 4.4. Then the following statements are equivalent:
(i) dimGX  n,
(ii) X has a countable base B such that dimG ∂U  n− 1 for all U ∈ B.
Proof. The implication (i) ⇒ (ii) follows from Theorems 4.3 and 4.4. To prove that
(ii) ⇒ (i) we take a pair A,B of disjoint closed subsets of X. Then there exist elements
U1, . . . ,Uk ∈ B such that
A⊂
k⋃
i=1
Ui ⊂
k⋃
i=1
cl(Ui)⊂X \B
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Then the boundary ∂(
⋃k
i=1 Ui) separates A and B and dimG ∂(
⋃k
i=1 Ui) n− 1. Hence,
by Lemma 4.2, dimGX n. ✷
Our next goal is to prove the equality of cohomological dimension and strong
cohomological dimension for separable metric spaces of finite dimension.
Theorem 4.7. Let G be a countable Abelian group and let X be a finite-dimensional
separable metric space. If dimGX = n 2, then IndGX  n.
Proof. First we note, by [5, Theorem 3.5], that XτK(G,n) if and only if XτM(G,n),
where M(G,n) is a Moore complex of type (G,n). Clearly M(G,n)= S0 ∗M(G,n− 1).
For a closed subset A of X and an open subset U ⊃ A of X, consider the map
f :A∪ (X \ U)→ S0 by f (A)= 0 and f (X \U)= 1. Then by the generalized Borsuk–
Eilenberg theorem [6], there is an extension F :W → S0 of f over an open subset
W ⊃ A ∪ (X \ U) such that (X \W)τM(G,n− 1). Hence dimG(X \W)  n− 1. Then
L = ∂F−1(0) is a partition of A and B and dimGL  dimG(X \W)  n− 1. Therefore
IndGX  n. ✷
By Lemma 4.2, we always hold the converse inequality dimGX  IndGX. Hence we
have the following:
Corollary 4.8. Let G be a countable Abelian group and let X be a finite-dimensional
separable metric space. If dimGX  2, then dimGX = IndGX.
Corollary 4.9. Let G be a countable Abelian group and let X be a finite-dimensional
separable metric space. Then the following statements are equivalent:
(i) dimGX  n,
(ii) X has a countable base B such that dimG ∂U  n− 1 for all U ∈ B.
Next we shall mention some applications about relation between dimension and
cohomological dimension of cohomologically locally connected compacta.
Corollary 4.10. If a compactum X is clc1R and dimX 2, then dimR X  2.
Proof. Suppose that dimR X  1. For a given point x ∈ X, let {Bε}ε>0 be the family
of all closed ε-balls centered at x . Then, by Theorem 3.1, dimR(∂Bε)  0 for all but
countably many ε > 0. Hence dim(∂Bε)  0 for all but countably many ε > 0. It follows
that dimX  1, a contradiction. ✷
Corollary 4.11 [9, Theorem 4.1]. Let X be an ANR-compactum of dimX  2. Then
dimGX  2 for every Abelian group G = {0}.
Proof. The inequality dimGX  2 is obtained from the fact that dimGX  dimQX and
Corollary 4.8. ✷
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For a compactum X it is clear that dimX = 1 if and only if dimZX = 1. However the
property “dimZX = 2” does not imply “dimX = 2” (see [8]). We give a local condition
that induces such implication.
Corollary 4.12. Suppose that a compactum X is clc2Z and dimZX = 2. Then every Q-
acyclic image of X is at most 2-dimensional.
Proof. Let f :X→ Y be a Q-acyclic map. For a given point y ∈ Y , consider the family
{Bε}ε>0 of all ε-closed balls centered at y . Then, by Theorem 3.1, dimf−1(∂Bε) =
dimZ f−1(∂Bε)  1 for all but countably many ε > 0. If dimf−1(∂Bε)  1, then
f |f−1(∂Bε) :f−1(∂Bε)→ ∂Bε is Z-acyclic. Hence dim(∂Bε)  1. Thus, dim(∂Bε)  1
for all but countably many ε > 0. Therefore dimY  2. ✷
Corollary 4.13. If a compactum X is clc2Z and dimZX = 2, then dimX = 2.
Finally we shall state problems related to our results.
Problem 1. Let X be a clc∞Z -compactum and let {Xα}α∈A be an uncountable family of
closed subsets of X. If dimZp∞ X = n = dimZp∞ Xα for all α ∈ A, then does there exist
α = β in A such that dimZp∞ (Xα ∩Xβ)= n?
Problem 2 [11, Problem 38-8]. Let f :X → Y be a map of a compactum X onto a
compactum Y . Then does the inequality dimGX  IndG Y + dimG f hold for every
Abelian group? Here dimG f = sup{dimG f−1(y): y ∈ Y }.
Remark. If Problem 1 has an affirmative answer, by Theorem 3.1 and Bockstein theorem,
we would complete cohomological dimension version of Borsuk–Sieklucki theorem.
Added in proof. R. Jiménez and E. Šcˇepin announced a positive solution to Problem 1
during a special session of AMS in Gainesville, Florida (March 1999). See abstract 940-
554-2390 of the Gainesville AMS Meeting for details.
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